Introduction
More than twenty five years ago, Poland, which is often called a model transition economy 1 , was the first Central and Eastern European (CEE) country that replaced an authoritarian communist regime by a government elected in partlydemocratic election. At the beginning of the transition, Poland and other CEE economies were confronted with many difficult economic and social problems. The process of transition from a centrally-planned economy to a market economy was the very first process of this type in the economic history of the world (and the history of economic thought). There was no theoretical background for such a transition. The state-owned companies lost cooperation and trade links with other former communist Comecon countries and were exhibited to competition by companies from highly-developed Western economies. Thus, it is not surprising that the industrial output, real wages, and salaries were dropping, and at the same time, both inflation and unemployment were rapidly rising 2 . In order to face these rising socio-economic problems, the authorities in Poland decided to apply the so-called shock therapy, which in this context is understood as a rapid adjustment of existing economic rules according to market principles and requirements * AGH University of Science and Technology, Faculty of Management, Department of Applications of Mathematics in Economics, e-mails: henryk.gurgul@gmail.com (Henryk Gurgul), llach@zarz. agh.edu.pl (Łukasz Lach). We would like to thank anonymous referees for their helpful suggestions on earlier versions of this paper. 1 This opinion is often expressed by both researchers (e.g., Lenain, 2000) and politicians (recall US President Barack Obama hailing Poland as a model of transition during his visits to Warsaw in 2011 and 2014 -for details see: http://www.huffingtonpost.com/2011/05/28/obama-poland-democracy_n_868434.html and http://www.whitehouse.gov/the-press-office/2014/06/04/remarks-presidentobama-25th-anniversary-freedom-day-warsaw-poland). 2 At the early stage of the transition, one could even notice a hyperinflation in Poland as the annual inflation rate reached a level of a few hundred percentage points. (i.e., liberalization). In general, this procedure, also known as the Balcerowicz's plan 3 , was aimed at keeping the inflation under control. The first positive effects of the undertaken measures could be observed in trade, and also later in services. However, in the sectors of manufacturing, mining, metallurgy, foundry, and other branches of heavy industry, the economic transformation was generally less successful. Heavy industries were essentially reduced and lost their significance. In other words, the transition process resulted in significant restructuring of the economy under study. One can take for granted that, because of the forthcoming transition process, the importance and size of all sectors change radically. This means that the ranking of importance of the sectors thoroughly changes as well.
Managerial Economics
The main aim of this contribution is a derivation of the ranking of importance of industries of the Polish economy based on available IO data from the second decade of transition. Since the IO tables used cover a period from 2000 to 2005, the empirical analysis may also help us assess the impact of Poland's 2004 EU accession on the changes in ranking of importance of the sectors. The research is conducted in the framework of the so-called key sector analysis, which is based on the entropy theory. A crucial work on entropy decomposition analysis that provides a useful way of examining errors or changes in input-output structures was published by Henri Theil in the mid 60s 4 . This approach allows us to decompose changes in the output into a set of additive components. Key sector analysis provides empirical evidence regarding the economic structure of sectors within an economy 5 . In general, the main goal of this type of analysis is to identify the sectors that have the greatest effects on the rest of the economy. In addition, the most important coefficients of input-output matrix may also be identified.
The key sector analysis often refers to the so-called multiplier product matrix (MPM) 6 . By means of such a matrix, the probable future course of the economic structure of a country under study can be identified. The dynamics of the entries in the input-output matrix reflect the interaction of the different firm strategies towards innovation, for example. As one can see, the knowledge of key sectors is important for many reasons. Besides general policy implications, such knowledge is useful in updating and forecasting procedures of input matrices where early identification of key sectors is crucial for the choice of an adequate method and more-precise approximation.
When focusing on the transition process, one has also take into account that this process has affected the basic principles of collecting social statistics by the central statistical offices in all CEE economies, especially with respect to the compilation of input-output (IO) tables. Before the beginning of the transition, such tables were compiled according to the material product system (MPS). From 1995 onward, the process of constructing IO tables has followed the system of national accounts (SNA) which, in general, is typical for all market economies. Since MPS-and SNA-based tables are uncomparable and attempts of conversion from MPS into SNA are, in general, not successful, we focus solely on the reliable IO data on Poland constructed according to the SNA in this paper.
The motivation to perform an examination of key sectors in the case of Poland is twofold. First, in the case of any economy, the identification and classification of such influential fields might provide the basis for taxonomy of the economy as well as contribute to enriching our understanding of the growth and the development processes (Ćmiel and Gurgul, 2002) . In the case of European transition economies, however, such an analysis may also provide crucial information on the structural change of an economy during the process of economic transformation. Poland is the largest post-communist country in Central Europe and started the transition process as the first country in this region. Therefore, it is one of the economic and political leaders in the region. Second, in the case of Poland, such an examination based on post-communist data taken from more than one IO table has never been conducted (to the best of our knowledge). This way, our paper fills a gap in the literature, providing the results that may turn out to be important for both researchers and policymakers in Poland (as well as other CEE transition economies).
The content of this paper is as follows. In Section 2, the discussion on methodological questions in respect to the identification and examination of key sectors is showed. Section 3 presents research hypotheses examined in this paper. The dataset and main empirical results are provided in Section 4. Finally, in Section 5, we summarize the major findings and suggest directions for future research.
Research methodology

Principles of key sector analysis
In order to shed some light on the MPM-based approach, let us focus on the well-known static IO model (Ćmiel and Gurgul, 1996a (Ćmiel and Gurgul, , 1996b (Ćmiel and Gurgul, , 1997 given by the equation (1) . 
As underlined by Sonis and Hewings (1989) , the input-output multiplier matrix (MPM) is given by the formula: 
is called the largest cross. After the exclusion of row i 0 and j 0 from matrix M, the second largest cross can be found, and so on. The number of crosses identified this way is equal to the rank of the MPM. Following Rasmussen (1956) , for each sector j of an economy, two types of indices of the Leontief inverse may be defined: the so-called backward linkage, defined as:
and the forward linkage, defined below:
Both of these measures have important and rather straightforward economic interpretation. A backward linkage greater than 1 (
) implies that a unit change in final demand in sector j will create an abnormal increase in activity in the whole economy. Similarly, if the forward linkage is greater than 1 ( 1 j FL ), then a unit change in the final demand in all sectors will create more than an average increase in sector j (Ćmiel and Gurgul, 2002 This definition provides a simple tool that can be used in the process of classifying the sectors of an economy.
Maximum entropy decomposition
To shed some light on the concept of entropy in statistical mechanics, we may restrict our discussion to the case of a discrete probabilistic space
The set of probabilities i
p provides a precise description of the randomness in the system. Since the number of possible states in almost any economic system is very high, the usefulness of this set becomes significantly reduced. In other words, one seeks the quantity that would be a function of the probabilities i p and give an appropriate measure of the randomness of a system. The entropy defined as:
is an example of such a measure. Looking at entropy from the perspective of statistical mechanics, it seems reasonable to interpret it as a measure of the number of ways in which a system may be arranged -a measure of the "disorder" (the higher the entropy, the higher the disorder) 8 . A simple application of the Shannon information inequality helps us prove that the matrix M defined in equation (5) has the so-called property of maximum entropy in the class of all matrices with fixed marginals 9 . As a consequence, this matrix may represent the most homogenous distribution of the components of the column and row multipliers of the Leontief inverse B representing total inputs. The economic interpretation of the MPM matrix is related to the equalization tendency of total inputs in an economy. In other words, approximately the same profit rates can be obtained from given investments in particular sectors.
Matrix M allows us to conduct a decomposition of a Leontief inverse, which has an important economic interpretation. Let diag(X) denote the diagonal of square matrix X. If one defines:
then:
As a consequence, one may write the following maximum entropy decomposition of the Leontief inverse:
Here, M stands for the maximum entropy tendency, and the diagonal matrix D represents the so-called additional sectoral scale effects. Symmetric matrix S and asymmetric matrix S a (both with null diagonal) reflect the symmetric and asymmetric tendencies, respectively.
Sensitivity testing
Another important feature of the MPM is the possibility of applying this matrix in an analysis of the sensitivity of Leontief inverse B to the perturbation of one component of direct coefficient matrix A. Such an approach provides a basis to determine the most important coefficients of A; i.e., such coefficients where a small change in their values leads to largest relative change of the elements of matrix B.
To shed some light on this concept, for each 0 0 1 i j n define the socalled first order field of influence of change of the form: i j F is given by the following formula:
Therefore, we have:
The presented formulas allow us to investigate the importance of direct inputs and, thus, the impact of the coefficients of A on B = (I -A) -1 . More precisely, to measure the sensitivity of the Leontief inverse to the change of the value of element 0 0 i j a , we apply the formula (14) to obtain the matrix of differences Henryk Gurgul*, Łukasz Lach* between the initial and modified Leontief inverses. Next, we obtain relative inverse error matrix 0 0 i j RI , defined as:
and its norm:
We compute the norms defined in (18) for all possible choices of i j . As a consequence, we obtain the sensitivity matrix defined as:
Finally, we assign ranks in descending order for the elements of this matrix. The first rank was assigned to the most sensitive element (according to the relative change of the Leontief inverse) of matrix A; i.e., the relative change of this element has the greatest effect on B.
Research hypotheses
In general, each research hypothesis examined in this paper consists of four major components. In the first part of each conjecture, we refer to the classification presented in Definition 1. Next, we express our suppositions on the dynamics of the multiplier product matrix over the period under study. In the third steep, we examine the issue of sensitivity; i.e., we focus on the most important coefficients on the matrix of direct inputs. In the last step, we refer to the dynamics of indices of additional scale effects.
As previously mentioned, it is easy to note the lack of extensive research on key sectors in Poland, especially with respect to the transition data. In one of the very few papers devoted to the analysis of key sectors in Poland, Ćmiel and Gurgul (2002) examined MPS-compiled input-output tables from the pretransition period and provided some evidence in favor of the hypothesis that, other than heavy industry, the food-and-agriculture-related sectors played the role of key sectors before the beginning of the transition. It seems interesting to test whether these observations would also remain true after the application of SNA-based IO tables constructed on the basis of the data from the second decade of the transition period. Moreover, one may expect that the Polish economy was confronted with new regulations after EU accession, including the common EU agricultural policy (which, in particular, could have had a significant negative impact on the role of the discussed sectors). Both of these conjectures may be examined by checking the following:
Hypothesis 1. Food-and-agriculture-related sectors -still key, but losing importance:
A. In the literature, it is often stressed that one of the major features of the economies of CEE in the 90s was the process of de-industrialization, leading to heavy losses in the secondary sector of the economy and redirecting the economic activity in these countries to other sectors, especially services (Kalvet and Kattel, 2006) . The latter was accompanied with the ongoing process of globalization, especially in the sphere of economic openness and information flow, which had a significant positive causal impact on economic growth in CEE transition economies, including Poland
11
. It seems interesting to test whether both of these processes also continued in the period of EU accession. For this purpose, one should verify the following: 
Hypothesis 2. Transformation from manufacturing towards services: A. Taking into account the linkages-based indicators of sectorial importance, the manufacturing sectors of Poland (especially metallurgy-, textiles-, chemical-, and mining-related ones) did not play the role of key sectors in
D. In general, the additional scale effects of manufacturing (services-related) sectors declined (increased).
One may claim that, during the period of transition, some sectors of CEE economies have grown dramatically (especially after EU accession). In the case of Poland, the inflow of EU structural funds had a stimulating impact on the development of the sector of construction, especially in the sphere of public infrastructure. Furthermore, from the beginning of the transition, Poland started to reorganize its financial market and open it to foreign capital, which caused a continuous rise in importance of the financial sector 12 . At the same time, not only could more Poles freely travel abroad, but the tourist offer of Poland has also been continuously expanding. These facts seem to constitute the background for the formulation of the following hypothesis:
Hypothesis 3. Sectors related to construction, finance, tourism, and traveling -even more important after EU accession:
A. The hypotheses listed above will be verified using the methodology presented in Section 2. In the next section, we present the dataset as well as the main empirical findings.
Dataset and empirical results
In this paper, we use the dataset comprising two highly-disaggregated national IO tables at basic prices 13 provided by The Central Statistical Office (CSO) in Poland. The IO tables were constructed based on data from the years 2000 and 2005. Each table has dimensions of 55 55 Each table was published approximately 5 years after the reference year. Hence, in this paper, we focus on the longest period available at the time of conducting the calculations, since the CSO in Poland has not constructed any IO table at basic prices for years before 2000. Both national IO tables are published in current prices, expressed in thousands of Polish Zloty.
Key sector analysis
In the first step, we calculate the forward and backward linkages for all sectors of the Polish economy (see equations (7), (8) Table 1 ). This way, we are able to shed some light on the dynamics of the both types of indicators over the period between 2000 and 2005. The sectors of the Polish economy have been divided into four categories according to the criteria presented in Definition 1 14 .
As one can see, the results presented in Table 1 provide only partial evidence in favor of the hypotheses formulated in Section 3. One can notice that the foodand-agriculture-related sectors (including the sectors of Agriculture and hunting products and of Food and beverages) preserved the status of key sectors in Poland, which supports Hypothesis 1A 15 . However, the sectors of Tobacco products and Fishing products were classified as backward-linkage-oriented and weak-oriented sectors, respectively. In general, the importance of food-and-agriculturerelated sectors in context of both forward as well as backward linkages declined (around a 10% drop in forward linkages; an over 30% drop of backward linkage in the case of the sector of Fishing products), which provides support in favor of Hypothesis 1B.
When turning to the manufacturing sphere, one can formulate the group of sectors which kept the status of key sectors in 2000 and 2005; e.g., the sectors of Basic metals, Metal products, and Rubber and plastic products. This finding contradicts Hypothesis 2A. On the other hand, the sectors of Coal and peat, Crude oil and natural gas, metal ores, other mining products, and Chemicals and chemical products were classified only as forward-linkage-oriented sectors.
14 Since we deal with more than one IO Table 1 
Sensitivity of the Leontief inverses
In the next step, we examined the sensitivity of Leontief inverses over the analyzed period. For each year t, we calculate sensitivity matrix S t using the equation (19) 16 . Next, we construct a matrix of ranks (denote it as SM t ) and reduced the maximal rank to the value of 50. This way, we obtain the restricted 16 In this paper, we proceed with 0.01, which corresponds to a one-percentage-point rise of one coefficient in matrix A. We also examined the case of a one-percentage-point drop of one coefficient in matrix A ( -0.01). Since all results turned out to be robust to the choice of , we focus only on case 0.01.
matrices of ranks denoted as MSM t 17 . In the next step, we calculated the averaged sensitivity matrix defined as: 
In Table 2 , we present the top 59 most-sensitive coefficients of matrix MSM along with the corresponding coefficients of matrix MSM 18 . Due to the large size of the IO tables, the presentation of the most-sensitive coefficients of the averaged sensitivity matrix was divided into four subsets.
Among the most important input-output coefficients, one could list those of Agriculture and hunting products used as input by Food and beverages (averaged rank When turning to the manufacturing sectors, one can notice that the sensitivity ranks of the coefficient of Coal and peat used as input by Coke, refined petroleum products (averaged rank: 40.5), coefficient of Chemicals and chemical products used as input by itself (averaged rank: 26.5), coefficient of Rubber and plastic products used as input by itself (averaged rank: 47.5) or Land and pipeline transport services (averaged rank: 18) and coefficient of Metal products used as input by itself (averaged rank: 48) have declined, which corresponds to a rise of sensitivity and contradicts Hypothesis 2C. 17 The matrix SM t consists of numbers ranging from 1 to 55 × 55 = 3025. Due to space limitations, in the case of each Leontief 's inverse, we focus on the 50 most sensitive coefficients. In other words, we define the restricted rank matrices in the following way: if 
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Recreational, cultural and sport. services It is worth to underline that, despite the fact that most of the food-and-agriculture-related sectors (e.g., Food and beverages, Agriculture and hunting products) were classified among the top 15 sectors with the largest averaged additional scale effects, one could observe a negative shift of the corresponding diagonal component of Leontief In the last stage of our empirical study, we supplement the previous results and provide some insights on the evolution of the symmetric and asymmetric components of Leontief 's inverses of the Polish economy in years 2000 and 2005. In Table 4 , the results of the analysis of symmetric components are presented. As mentioned earlier, such an analysis is reflected in the formulation of matrices S * and S * . In order to present the results in a transparent way, we restrict the presentation only to the 15 largest (in terms of absolute value) upper triangular 22 coefficients of matrix S * . In addition, the corresponding shifts (i.e., corresponding elements of matrix S * ) are also presented (in parentheses). It is worth to underline that all of the averaged bilateral balances were found to be positive. 20 This sector was classified among 15 sectors with the largest averaged additional scale effects. 21 Both of these sectors turned out to be characterized by relatively large averaged additional scale effects. 22 Recall that, by definition, the matrices S * and S * are both symmetric with null diagonal. Therefore, we may focus only on lower or upper triangular elements. As one can see, the largest absolute value of averaged bilateral imbalance was found in the case of the pair of sectors Crude oil and natural gas, metal ores, other mining products and Coke, refined petroleum products. Although, it is difficult to relate these results with the hypotheses formulated in Section 3 24 . To sum it all up, the results presented in this section allow us to formulate the list of sectors that, more or less, have preserved the status of the key sectors in Poland. In turn, some sectors (especially the financial-intermediation-and foodand-agriculture-related ones), have significantly derailed, while services-related sectors (including transport, tourism, and trade services) have clearly gained in importance.
Concluding remarks
To the best of our knowledge, this paper fills the gap in the existing literature by examining key sectors in Poland over the transition period. The research was based on maximum entropy decomposition of the Leontief inverse applied to the highly-disaggregated input-output tables covering the period of 2000-2005.
Key sectors
The results prove that, during the period under study, one could formulate the group of sectors (especially food-and-agriculture-related ones) that, in general, have kept the status of key sectors in Poland. However, the importance of food-and-agriculture-related sectors in context of both forward as well as backward linkages declined. Also some manufacturing sectors, like the sectors 23 Analogously, matrices Sa * and Sa * are asymmetric with null diagonal. 24 These matrices help us to identify the pairs of sectors in the case of which the final demand-output relationship follows similar (matrix S * ) or opposite patterns (matrix Sa * ). Although these facts do not seem to provide a basis for a straightforward verification of the hypotheses listed in section 3, they provide some valuable information. For example, in the case of the pair of sectors of Agriculture and hunting products and Food and beverages, the symmetric relationship between final demand-output prevails, which implies that, most likely for this pair of sectors, both types of linkages either rise together or drop together.
of Basic metals, Metal products, and Rubber and plastic products, were found as key sectors in both analyzed years. Also, the importance of chemical-related industrial sectors and the sector of Motor vehicles significantly increased in the period of 2000-2005. In other words, the results of this study suggest that not all industry branches in Poland experienced downturns in the second decade of the transition. These facts may suggest that Poland has largely managed to avoid the most-negative consequences of the process of de-industrialization that has been taking place in CEE from the beginning of the transition.
In the case of the services sectors, one could list a relatively long list of sectors that kept the status of key sectors (including tourism-, trade-, and transportrelated sectors). Some sectors (like the sector of Wholesale and commission trade services) have even changed the status from the forward-linkage-oriented (2000) to the key sector (2005).
Sectorial classification after EU accession
When discussing the results of this study, one should take a look at the history of the quarter century of transition in Poland. In the period of transition (especially after EU accession), some sectors of the Polish economy expanded. The empirical results suggest that the inflow of EU structural funds has had a significant impact on the development of the sector of construction, especially in the sphere of modernization of public infrastructure.
In this context, one should underline that, after the collapse of centrallyplanned economies, most of CEE countries (including Poland) started to reorganize their financial markets and opened themselves up to foreign capital. These circumstances, as mentioned in Section 3, caused the development of financial sector and led to the permanent rise of its importance. However, the results of our study suggest that, after the first decade of transition, one could observe a slowdown or even reversal of this trend. The financial-intermediation-related sectors, although some of which still being classified as key sectors in 2000, experienced significant decreases of almost all examined measures of importance (moreover, the sector of Insurance services was classified as weak-oriented sectors in both 2000 and 2005). Thus, one may claim that the scarcity of financial-sector-related services observed right after the collapse of centrally-planned economy in Poland was seriously reduced during the first decade of the transition and, as a consequence, development of this type of services decelerated in the second decade of transition.
After the fall of the Iron Curtain, Poles could travel abroad without any restrictions. At the same time, the tourist offer of the country has been continuously expanding. This, as a consequence, led to the rise in importance of travel-andtourism-related sectors confirmed by the formal analysis conducted in our study.
Sectors losing importance
The results prove that the heavy-industry-related sectors have, in general, lost in importance (in some cases, even changed status to only weak-oriented ones). At this place, it seems important to underline that, besides economic growth and increase of welfare of households, the process of transition and globalization has also implied some new challenges and risks. It is not obvious whether a transition economy would significantly benefit from rapid globalization, since integration with global markets leads to increased competition. The latter seems especially important in the case of Poland, which is still acquiring experience when it comes to dealing with various aspects of globalization and international competition on free markets (similar to other CEE transition economies). Thus, it is not surprising that from the beginning of 90s, one could observe the process of de-industrialization in Poland caused by the fact that many former state-owned large companies (especially those active in traditional branches, like mining or textiles) turned out to be uncompetitive with foreign companies (from Western Europe, but also the Far East). In addition, many new manufacturing companies founded on the basis of the assets of the insolvent state-owned firms (usually small and underinvested) also did not manage to face the requirements of free market competition.
Despite the work undertaken in this study, it is likely that some aspects of key sector analysis in Poland went undiscovered. Further research, however, requires the availability of new and reliable IO tables, Nevertheless, key sector analysis of the Polish economy seems both an interesting and important research topic, as in the last 25 years, this country has become an important EU-member from the CEE region, both in political and economic aspects.
